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Adisplacement-based variational model is developed to study the eﬀects of transverse cracking and local delaminations in
symmetric composite laminates. In the model, the crack shape is assumed to be a function of crack density and delamination
length. Using a variational approach with the principle of minimum potential energy, governing equations are derived. The
eﬀective Young’s modulus Ex and energy release rate G are theoretically examined as a result of local delaminations.
 2006 Elsevier Ltd. All rights reserved.
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Laminated composites are widely used in many advanced structural applications. During their usage, com-
posite structures are susceptible to progressive damage. The formation of matrix cracks in 90 layers is the
early stage of damage when [hm/90n]s composite laminates are subjected to quasi-static or fatigue tensile load-
ing. Experimental data shows that transverse cracking causes stiﬀness reduction in composite structures.
Researchers have presented diﬀerent approaches to study the damage eﬀect induced by transverse ply cracking
on material properties of cracked [hm/90n]s laminates.
After transverse matrix cracking in [hm/90n]s composite laminates, there is a high interlaminar stress con-
centration at the crack tip. This stress often induces local delaminations at the interface between laminae. With
initiation and growth of local delaminations, the strength and stiﬀness of composite laminates are signiﬁcantly
impaired. For most composite structures, onset of delaminations emanating from transverse cracks is consid-
ered suﬃcient cause to withdraw the structure from service. Thus, it is necessary to investigate the eﬀect of
local delaminations that initiate and grow from transverse crack tips.
Compared with the large number of existing works on transverse ply cracking, only a few approaches have
been proposed to study local delaminations in [hm/90n]s laminates. O’Brien (1985) derived a closed-form0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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plate theory. Caslini et al. (1987) used fracture mechanics to conduct a study on damage initiation and accu-
mulation induced by local delaminations. Selvarathinam and Weitsman (1998, 1999) employed the shear-lag
method to model transverse cracking and local delaminations in cross-ply composite laminates under fatigue
loading. Berthelot and Le Corre (2000) also used a shear-lag model to evaluate stress distributions in cross-ply
composite laminates containing matrix cracks and local delaminations. Thornburgh and Chattopadhyay
(2001) used higher-order plate theory to model transverse matrix cracking and local delaminations. Akshant-
ala and Talreja (1998) applied a stress-based variational model to study the evolution of damage induced by
matrix cracking and local delaminations in a cross-ply composite laminate. Rebiere and Gamby (2004)
modeled the damage behavior of a cross-ply composite laminate under transverse, longitudinal matrix
cracking and delaminations using Hashin’s approach (1985).
Nairn and Hu (1992) proposed a stress-based variational model to study the local delaminations induced by
matrix microcracks in [S/90n]s laminates. Zhang et al. (1994) used an improved 2D shear lag model to predict
the strain energy release rate G due to matrix cracking and local delaminations in [hm/90n]s composite lami-
nates. Then, Zhang et al. (1999) used a ﬁrst-order shear deformation laminated plate theory and sublaminate
method to predict the G in symmetric composite laminates. Kashtalyan and Soutis (2000) applied Zhang’s
model (1994) to evaluate the stiﬀness properties of [±hm/90n]s composite laminates under local delaminations
due to transverse cracks and splits. Then, Kashtalyan and Soutis (2002) derived expressions for strain energy
release rate of mode I GI, mode II GII and the total G associated with angle-ply matrix cracking and local del-
aminations based on the 2D shear lag approach.
Above research work is mostly based on shear lag model and stress-based variational approach. In this
paper, a displacement-based variational model is proposed to analyze local delaminations in [hm/90n]s (h is
assumed as 0 or ±u) composite laminates. The governing equation is derived from the principle of minimum
potential energy. Advantages of the present method are that (1) the true crack shape function is derived as part
of the governing equations, (2) unlike the shear lag model no parameters have to be calibrated, and (3) dis-
placement based approach avoids the complex stress boundary conditions at the crack tips. Since the residual
stiﬀness and energy release rate G are two important indices of evaluating the eﬀect of damage due to local
delaminations in composite laminates, the energy release rate G and eﬀective Young’s modulus Ex as a func-
tion of delamination ratio in [hm/90n]s laminates are investigated in this paper.
2. Theoretical model
In the present model, a single ply is deﬁned as a lamina and modeled as an orthotropic sheet. The principal
material axes as shown in Fig. 1 are longitudinal to the ﬁber (denoted as 1), transverse to the ﬁber direction
(denoted as 2), and normal to the lamina surface (denoted as 3). The geometry of a laminate with local delam-
ination and transverse cracks under tensile loading is illustrated in Fig. 2. The transverse cracks are assumed to
be evenly spaced and to extend across the entire laminate width, and all delaminations are assumed initiated
from transverse crack tips simultaneously. After the start of local delaminations, the damage mode is domi-
nated by interlaminar fracture. The unit cell of a cracked [hm/90n]s laminate with delamination between two
adjacent cracks shown in Fig. 3 is adopted for predicting the eﬀective elastic modulus and energy release ratex
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Fig. 1. Deﬁnition of the material axes for composite laminate and lamina.
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Fig. 3. One-quarter of unit damaged cell with both local delaminations and transverse cracking.
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Fig. 2. Local delaminations in a [h/90]s composite laminate under uniaxial loading.
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(plane strain).
2.1. Laminated part (0 6 x 6 lu)
2.1.1. Sublaminate 1
The displacement functions for sublaminate 1 shown in Fig. 3 are assumed asuð1Þx ðx; zÞ ¼ f1ðxÞ þ /ðzÞf2ðxÞ;
uð1Þz ðx; zÞ ¼
z3
t31
f3ðxÞ;
ð1Þwhere f1(x), f2(x) and f3(x) are unknown functions and /(z) is the crack shape function.
The boundary conditions for displacement ﬁelds areuð1Þx ð0; zÞ ¼ 0;
uð1Þx ðx; 0Þ ¼ f1ðxÞ;
uð1Þz ðx; 0Þ ¼ 0:
ð2ÞThe strain ﬁelds are given asex ¼ ouxox ; ez ¼
ouz
oz
; cxz ¼
oux
oz
þ ouz
ox
. ð3Þ
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rz ¼ cxzex þ czzez;
sxz ¼ c55cxz;
ð4Þwhere cij (i, j = x,z, 5) are elastic stiﬀness coeﬃcients.
Substituting (1) into (3) and (4), we obtaineð1Þx ¼ f 01ðxÞ þ /ðzÞf 02ðxÞ;
eð1Þz ¼
3z2
t31
f3ðxÞ;
cð1Þxz ¼ /0ðzÞf2ðxÞ þ
z3
t31
f 03ðxÞ;
rð1Þx ¼ cð1Þxx eð1Þx þ cð1Þxz eð1Þz ;
rð1Þz ¼ cð1Þxz eð1Þx þ cð1Þzz eð1Þz ;
sð1Þxz ¼ cð1Þ55 cð1Þxz :
ð5a–fÞFrom the symmetry conditions of the unit cell with respect to the x = 0 and z = 0 axes, the following stress
conditions are satisﬁed:sð1Þxz ðx; 0Þ ¼ 0;
sð1Þxz ð0; zÞ ¼ 0:
ð6ÞApplying (1) and (5f) into (2) and (6), we knowf1ð0Þ ¼ 0; f 2ð0Þ ¼ 0; f 03ð0Þ ¼ 0; /ð0Þ ¼ 0; /0ð0Þ ¼ 0. ð7Þ
On the other hand, it is assumed that at x = 0 the z component of displacement varies only in the z direction,
thereforeuð1Þz ð0; zÞ ¼
z3
t31
w1. ð8ÞThen, the boundary value of function f3(x) isf3ð0Þ ¼ w1; ð9Þ
where w1 is an unknown constant.
2.1.2. Sublaminate 2
The boundary and continuity conditions for laminate 2 areuð2Þx ð0; zÞ ¼ 0;
uð1Þx ðx; t1Þ ¼ uð2Þx ðx; t1Þ;
uð1Þz ðx; t1Þ ¼ uð2Þz ðx; t1Þ:
ð10ÞThen, the displacement ﬁelds ux and uz are expressed asuð2Þx ðx; zÞ ¼ f1ðxÞ þ /ðt1Þf2ðxÞ;
uð2Þz ðx; zÞ ¼
z
t1
h2  z2
h2  t21
f3ðxÞ þ zh
t21  z2
t21  h2
w2;
ð11Þwhere w2 is an unknown constant.
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Substituting (11) into (3) and (4) again, we obtaineð2Þx ¼ f 01ðxÞ þ /ðt1Þf 02ðxÞ;
eð2Þz ¼
h2  3z2
h2  t21
f3ðxÞ
t1
þ t
2
1  3z2
t21  h2
w2
h
;
cð2Þxz ¼
z
t1
h2  z2
h2  t21
f 03ðxÞ;
rð2Þx ¼ cð2Þxx eð2Þx þ cð2Þxz eð2Þz ;
rð2Þz ¼ cð2Þxz eð2Þx þ cð2Þzz eð2Þz ;
sð2Þxz ðx; zÞ ¼ cð2Þ55 cð2Þxz :
ð12a–fÞ2.2. Delaminated part (lu 6 x 6 l)
2.2.1. Sublaminate 3
The stress boundary condition for laminate 3 gives:sð3Þxz ðx; 0Þ ¼ 0. ð13Þ
The displacement continuity conditions for laminates 1 and 3 requireuð1Þx ðlu; zÞ ¼ uð3Þx ðlu; zÞ;
uð1Þz ðlu; zÞ ¼ uð3Þz ðlu; zÞ:
ð14ÞThus, we assume displacement ﬁelds of laminate 3 asuð3Þx ðx; zÞ ¼
x
lu
uð1Þx ðlu; zÞ þ /ðzÞ
x
lu
X3
i¼1
wiþ2
x2  l2u
l2u
 !i
;
uð3Þz ðx; zÞ ¼ uð1Þz ðlu; zÞ þ
z3
t31
x2
l2u
X3
i¼1
wiþ5
x2  l2u
l2u
 !i
;
ð15Þwhere wi (i = 3,4,5,6,7,8) are unknown constants.
Substituting (15) into (3) and (4), we haveeð3Þx ¼
f1ðluÞ
lu
þ f2ðluÞ
lu
þ g0ðxÞ
 
/ðzÞ;
eð3Þz ¼
3z2
t31
f3ðluÞ þ x
2
l2u
X3
i¼1
wiþ5
x2  l2u
l2u
 !i" #
;
cð3Þxz ¼
x
lu
f2ðluÞ þ xlu
X3
i¼1
wiþ2
x2  l2u
l2u
 !i" #
/0ðzÞ þ z
3
t31
g1ðxÞ;
rð3Þx ¼ cð1Þxx eð3Þx þ cð1Þxz eð3Þz ;
rð3Þz ¼ cð1Þxz eð3Þx þ cð1Þzz eð3Þz ;
sð3Þxz ¼ cð1Þ55 cð3Þxz ;
ð16a–fÞ
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3x2  l2u
l3u
w3 þ ð5x
2  l2uÞðx2  l2uÞ
l5u
w4 þ ð7x
2  l2uÞðx2  l2uÞ2
l7u
w5;
g1ðxÞ ¼
2xð2x2  l2uÞ
l4u
w6 þ 2xð3x
2  l2uÞðx2  l2uÞ
l6u
w7 þ 2xð4x
2  l2uÞðx2  l2uÞ2
l8u
w8:
ð16gÞ2.2.2. Sublaminate 4
The displacement continuity and boundary conditions for laminate 4 requireuð4Þx ðlu; zÞ ¼ uð2Þx ðlu; zÞ;
uð4Þz ðlu; zÞ ¼ uð2Þz ðlu; zÞ;
uð4Þx ðlÞ ¼ uð4Þx ðl; t1Þ;
ð17Þwhereuð4Þx ðlÞ ¼
1
t2
Z h
t1
uð4Þx ðl; zÞdz. ð17aÞThus, the displacement ﬁelds for laminate 4 are assumed asuð4Þx ðx; zÞ ¼
x
lu
uð2Þx ðlu; zÞ þ w0ðzÞ
x
lu
X3
i¼1
wiþ8
x2  l2u
l2u
 !i
;
uð4Þz ðx; zÞ ¼ uð2Þz ðlu; zÞ þ w1ðzÞ
x2
l2u
X3
i¼1
wiþ11
x2  l2u
l2u
 !i
;
ð18Þwherew0ðzÞ ¼ l1z2  l2z4 þ l3z6;
w1ðzÞ ¼
1
2t2
z3
h2
 z
  ð18aÞ
in which li (i = 1,2,3) are listed in appendix (Eqs. (A.1)) and wi (i = 9,10,11,12,13,14) are unknown constants.
Substituting (18) into (3) and (4), we haveeð4Þx ¼
f1ðluÞ
lu
þ /ðt1Þ f2ðluÞlu þ w0ðzÞg2ðxÞ;
eð4Þz ¼
h2  3z2
h2  t21
f3ðluÞ
t1
þ t
2
1  3z2
t21  h2
w2
h
þ 3z
2
h2
 1
 
x2
2t2l
2
u
X3
i¼1
wiþ11
x2  l2u
l2u
 !i
;
cð4Þxz ¼ w2ðzÞ
x
lu
X3
i¼1
wiþ8
x2  l2u
l2u
 !i
þ w1ðzÞg3ðxÞ;
rð4Þx ¼ cð2Þxx eð4Þx þ cð2Þxz eð4Þz ;
rð4Þz ¼ cð2Þxz eð4Þx þ cð2Þzz eð4Þz ;
sð4Þxz ¼ cð2Þ55 cð4Þxz ;
ð19a–fÞ
H. Zhang, L. Minnetyan / International Journal of Solids and Structures 43 (2006) 7061–7081 7067whereg2ðxÞ ¼
3x2  l2u
l3u
w9 þ ð5x
2  l2uÞðx2  l2uÞ
l5u
w10 þ ð7x
2  l2uÞðx2  l2uÞ2
l7u
w11;
g3ðxÞ ¼
2xð2x2  l2uÞ
l4u
w12 þ 2xð3x
2  l2uÞðx2  l2uÞ
l6u
w13 þ 2xð4x
2  l2uÞðx2  l2uÞ2
l8u
w14;
w2ðzÞ ¼ 2l1z 4l2z3 þ 6l3z5:
ð19gÞ2.3. Potential energy
The potential energy per unit damaged cell with a unit width is written asU ¼ 1
2
Z lu
0
Z t1
0
rð1Þx e
ð1Þ
x þ rð1Þz eð1Þz þ sð1Þxz cð1Þxz
 
dzþ
Z h
t1
rð2Þx e
ð2Þ
x þ rð2Þz eð2Þz þ sð2Þxz cð2Þxz
 
dz
 	
dx
þ 1
2
Z l
lu
Z t1
0
rð3Þx e
ð3Þ
x þ rð3Þz eð3Þz þ sð3Þxz cð3Þxz
 
dzþ
Z h
t1
rð4Þx e
ð4Þ
x þ rð4Þz eð4Þz þ sð4Þxz cð4Þxz
 
dz
 	
dx
 P  uð4Þx ðlÞ; ð20ÞwhereP ¼ p0h ð20aÞ
in which p0 is the applied stress.
The variation of energy U is given asdU ¼
Z lu
0
dx
Z t1
0
cð1Þxx e
ð1Þ
x de
ð1Þ
x þ cð1Þxz eð1Þz deð1Þx þ eð1Þx deð1Þz
 þ cð1Þzz eð1Þz deð1Þz þ cð1Þ55 cð1Þxz dcð1Þxzn odz
þ
Z lu
0
dx
Z h
t1
cð2Þxx e
ð2Þ
x de
ð2Þ
x þ cð2Þxz eð2Þz deð2Þx þ eð2Þx deð2Þz
 þ cð2Þzz eð2Þz deð2Þz þ cð2Þ55 cð2Þxz dcð2Þxzn odz
þ
Z l
lu
dx
Z t1
0
cð1Þxx e
ð3Þ
x de
ð3Þ
x þ cð1Þxz eð3Þz deð3Þx þ eð3Þx deð3Þz
 þ cð1Þzz eð3Þz deð3Þz þ cð1Þ55 cð3Þxz dcð3Þxzn odz
þ
Z l
lu
dx
Z h
t1
cð2Þxx e
ð4Þ
x de
ð4Þ
x þ cð2Þxz eð4Þx deð4Þz þ eð4Þz deð4Þx
 þ cð2Þzz eð4Þz deð4Þz þ cð2Þ55 cð4Þxz dcð4Þxzn odz Pduð4Þx ðlÞ. ð21Þ
From the theorem of minimum potential energy, we havedU ¼ 0. ð22ÞTherefore, after substituting (5a–c), (12a–c), (16a–c), (19a–c) into (21) with the consideration of (22), for all
admissible displacements, there are two governing equationsa1f 001 ðxÞ þ a2f 002 ðxÞ þ a3f 03ðxÞ ¼ 0;
a2f 001 ðxÞ  m6f2ðxÞ þ a4f 002 ðxÞ  a5f 03ðxÞ ¼ 0;
a3f 01ðxÞ  a5f 02ðxÞ þ a6f3ðxÞ  a7f 003 ðxÞ  m14w2 ¼ 0
ð23aÞandb0/
00ðzÞ  b1/ðzÞ  b2z2  b3 ¼ 0 ð23bÞwith boundary conditions
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þ a15w6 þ a16w7 þ a17w8 þ a18w9 þ a19w10 þ a20w11 þ a21w12 þ a22w13 þ a23w14  m69P ¼ 0;
a104f 01ðluÞ þ a105f1ðluÞ þ a106f 02ðluÞ þ a107f2ðluÞ þ a108f3ðluÞ þ a109w2 þ a110w3 þ a111w4 þ a112w5
þ a113w6 þ a114w7 þ a115w8 þ a116w9 þ a117w10 þ a118w11 þ a119w12 þ a120w13 þ a121w14 ¼ 0;
a39f1ðluÞ þ a40f2ðluÞ þ a7f 03ðluÞ þ a41f3ðluÞ þ a42w2 þ a43w3 þ a44w4 þ a45w5 þ a46w6
þ a47w7 þ a48w8 þ a49w9 þ a50w10 þ a51w11 þ a52w12 þ a53w13 þ a54w14 ¼ 0;
a11f1ðluÞ þ a26f2ðluÞ  m14
Z lu
0
f3ðxÞdxþ a42f3ðluÞ þ a55w2 þ a56w9 þ a57w10 þ a58w11
þ a59w12 þ a60w13 þ a61w14 ¼ 0;
a12f1ðluÞ þ a27f2ðluÞ þ a43f3ðluÞ þ a62w3 þ a63w4 þ a64w5 þ a65w6 þ a66w7 þ a67w8 ¼ 0;
a13f1ðluÞ þ a28f2ðluÞ þ a44f3ðluÞ þ a63w3 þ a68w4 þ a69w5 þ a70w6 þ a71w7 þ a72w8 ¼ 0;
a14f1ðluÞ þ a29f2ðluÞ þ a45f3ðluÞ þ a64w3 þ a69w4 þ a73w5 þ a74w6 þ a75w7 þ a76w8 ¼ 0;
a15f1ðluÞ þ a30f2ðluÞ þ a46f3ðluÞ þ a65w3 þ a70w4 þ a74w5 þ a77w6 þ a78w7 þ a79w8 ¼ 0;
a16f1ðluÞ þ a31f2ðluÞ þ a47f3ðluÞ þ a66w3 þ a71w4 þ a75w5 þ a78w6 þ a80w7 þ a81w8 ¼ 0;
a17f1ðluÞ þ a32f2ðluÞ þ a48f3ðluÞ þ a67w3 þ a72w4 þ a76w5 þ a79w6 þ a81w7 þ a82w8 ¼ 0;
a18f1ðluÞ þ a33f2ðluÞ þ a49f3ðluÞ þ a56w2 þ a83w9 þ a84w10 þ a85w11 þ a86w12 þ a87w13
þ a88w14  m70P ¼ 0;
a19f1ðluÞ þ a34f2ðluÞ þ a50f3ðluÞ þ a57w2 þ a84w9 þ a89w10 þ a90w11 þ a91w12 þ a92w13
þ a93w14  m71P ¼ 0;
a20f1ðluÞ þ a35f2ðluÞ þ a51f3ðluÞ þ a58w2 þ a85w9 þ a90w10 þ a94w11 þ a95w12 þ a96w13
þ a97w14  m72P ¼ 0;
a21f1ðluÞ þ a36f2ðluÞ þ a52f3ðluÞ þ a59w2 þ a86w9 þ a91w10 þ a95w11 þ a98w12 þ a99w13 þ a100w14 ¼ 0;
a22f1ðluÞ þ a37f2ðluÞ þ a53f3ðluÞ þ a60w2 þ a87w9 þ a92w10 þ a96w11 þ a99w12 þ a101w13 þ a102w14 ¼ 0;
a23f1ðluÞ þ a38f2ðluÞ þ a54f3ðluÞ þ a61w2 þ a88w9 þ a93w10 þ a97w11 þ a100w12 þ a102w13 þ a103w14 ¼ 0;
ð23cÞ
where mi (i = 6,14,69,70,71,72), ai (i = 0,121) and bi (i = 0,3) are listed in the appendix (Eqs. (A.2)–(A.4)).
Solving (23a) with consideration of (7) and (9), we have the ﬁrst solutionf1ðxÞ ¼ w0xþ e0d1 sinhðaxÞ þ e1d2 sinhðbxÞ;
f2ðxÞ ¼ d1 sinhðaxÞ þ d2 sinhðbxÞ;
f3ðxÞ ¼ e2d1½1 coshðaxÞ þ e3d2½1 coshðbxÞ þ w1
ð24Þfork1
k0
 0; k
2
1
4k20
 k2
k0
 0; k1
2k0
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21
4k20
 k2
k0
s
 0 ð24aÞanda ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 k1
2k0
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21
4k20
 k2
k0
svuut ; b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 k1
2k0

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21
4k20
 k2
k0
svuut ; ð24bÞ
where ki (i = 0,5) are listed in the appendix (Eqs. (A.5)), and
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a6
a3
e2d1 þ e3d2 þ w1  m14a6 w2
 
; e0 ¼ 1a3
k4 þ k5a20
k3
a6
a20
 a7
 
þ a5
 
;
e1 ¼ 1a3
k4 þ k5b20
k3
a6
b20
 a7
 !
þ a5
" #
; e2 ¼ k4 þ k5a
2
0
k3a0
; e3 ¼ k4 þ k5b
2
0
k3b0
. ð24cÞThe second solution isf1ðxÞ ¼ w1xþ e0d1 sinhðaxÞ  e4d2 sinðbxÞ;
f2ðxÞ ¼ d1 sinhðaxÞ þ d2 sinðbxÞ;
f3ðxÞ ¼ e2d1½1 coshðaxÞ  e5d2½1 cosðbxÞ þ w1
ð25Þfork1
k0
 0; k
2
1
4k20
 k2
k0
 0; k1
2k0
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21
4k20
 k2
k0
s
 0 or
k1
k0
 0; k
2
1
4k20
 k2
k0
 0;  k1
2k0
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21
4k20
 k2
k0
s
 0
ð25aÞanda ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 k1
2k0
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21
4k20
 k2
k0
svuut ; b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1
2k0
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21
4k20
 k2
k0
svuut ; ð25bÞ
w1 ¼ 
a6
a3
e2d1  e5d2 þ w1  m14a6 w2
 
; e4 ¼ 1a3
k4  k5b20
k3
a6
b20
þ a7
 !
 a5
" #
;
e5 ¼ k4  k5b
2
0
k3b0
. ð25cÞThe third solution isf1ðxÞ ¼ w2x e6d1 sinðaxÞ  e4d2 sinðbxÞ;
f2ðxÞ ¼ d1 sinðaxÞ þ d2 sinðbxÞ;
f3ðxÞ ¼ e7d1½cosðaxÞ  1 þ e5d2½cosðbxÞ  1 þ w1
ð26Þfork1
k0
 0; k
2
1
4k20
 k2
k0
 0;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21
4k20
 k2
k0
s
 k1
2k0
ð26aÞanda ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1
2k0

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21
4k20
 k2
k0
svuut ; b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1
2k0
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21
4k20
 k2
k0
svuut ; ð26bÞ
w2 ¼
a6
a3
e7d1 þ e5d2  w1 þ m14a6 w2
 
; e6 ¼ 1a3
k4  k5a20
k3
a6
a20
þ a7
 
 a5
 
;
e7 ¼ k4  k5a
2
0
k3a0
. ð26cÞ
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f2ðxÞ ¼ d1 sinhðaxÞ cosðbxÞ þ d2 coshðaxÞ sinðbxÞ;
f3ðxÞ ¼ ðk8d1 þ k9d2Þ  ½1 coshðaxÞ cosðbxÞ þ ðk9d1  k8d2Þ sinhðaxÞ sinðbxÞ þ w1
ð27Þfork21
4k20
 k2
k0
 0 ð27aÞanda ¼
ﬃﬃﬃﬃ
k2
k0
4
s
cos
h
2
 
; b ¼
ﬃﬃﬃﬃ
k2
k0
4
s
sin
h
2
 
; tanðhÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4k0k2
k21
 1
s
; ð27bÞwhere ki (i = 6,9) are listed in the appendix (Eqs. (A.5)), andw3 ¼ 
a6
a3
k8d1 þ k9d2 þ w1  m14a6 w2
 
. ð27cÞThen, solving (23b), we obtain/ðzÞ ¼ c0 sinhðk1zÞ þ c1 coshðk1zÞ  c2z2  c3; ð28Þ
wherek1 ¼
ﬃﬃﬃﬃ
b1
b0
s
 0; c2 ¼ b2b1 ; c3 ¼
2b0b2 þ b1b3
b21
. ð28aÞFrom (7), we havec0 ¼ 0; c1 ¼ c3. ð29Þ
Thus,/ðzÞ ¼ c3½coshðk1zÞ  k2z2  1; ð30Þ
wherek2 ¼ c2c3 . ð30aÞOn the other hand, the expressions of f1(x), f2(x) and f3(x) have already considered the constant c3, therefore /
(z) is/ðzÞ ¼ coshðk1zÞ  k2z2  1. ð31Þ3. Eﬀective modulus
The eﬀective elastic modulus in [hm/90n]s laminates with transverse cracking and local delaminations gen-
erally depends on the crack density and delamination ratio. The crack density w and delamination ratio q are
deﬁned asw ¼ t1
l
; q ¼ ld
l
; ð32Þ
where t1 is the thickness of the 90 ply, ld is the delamination length and l is the half length of unit cell. When
we know the crack density w and delamination ratio q, we can solve k1, k2, a, b, d1, d2 and wi (i = 1,14) from
(24b), (25b), (26b), (27b), (28a), (30a) and (23c) with a numerical method. On the other hand, Young’s mod-
ulus E0 for an uncracked laminate is determined by lamination theory. After matrix cracking and local del-
aminations, the eﬀective longitudinal Young’s modulus Ex is calculated as
Table
Materi
Materi
Glass/
T800H
a Ma
b Un
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ex
; ð33Þwhereex ¼ 1t2l
Z lu
0
dx
Z h
t1
eð2Þx dzþ
1
t2l
Z lu
lu
dx
Z h
t1
eð4Þx dz. ð33aÞIntroducing (12a) and (19a) into (33) with consideration of (33a) givesEx ¼ p0lu
f1ðlÞ þ /ðt1Þf2ðlÞ þ
P3
i¼1
l2
l2u
 1
 i
wiþ8
. ð34Þ4. Energy release rate
The energy release rate is an important index for evaluating local delaminations induced by transverse
matrix cracking. The energy release rate G is deﬁned asG ¼  dUTotal
dA
; ð35Þwhere UTotal is the total potential energy of the laminate with a unit width and A is the total delamination area.
If a [hm/90n]s composite laminate has N microcrack intervals associated with a delamination length ld, UTotal
and A are given asUTotal ¼ 4NU ; A ¼ 8Nld; ð36Þ
where U is the potential energy per unit cell which is given in (20). Substituting (36) into (35) and using a ﬁnite-
diﬀerence equation for the derivative, the energy release rate G for local delaminations is obtained asG ¼ Uðld þ DaÞ  UðldÞ
2Da
when Da ! 0. ð37ÞIf the computed energy release rate G remains constant with decreasing values of Da, convergence is
guaranteed.
5. Results and discussion
In this paper, analytical investigation of local delaminations in [hm/90n]s composite laminates due to trans-
verse cracking is performed. Two composite materials reported by Ogihara and Takeda (1995) and Joﬀe and
Varna (1999) are selected to investigate the eﬀective longitudinal Young’s modulus Ex and energy release rate
G as a result of local delaminations that emanate from transverse cracks. One is a glass/epoxy composite and
the other is a T800H/3631 carbon/epoxy composite. The corresponding properties are listed in Table 1.
The changes in longitudinal Young’s modulus Ex as a function of crack density for T800H/3631 [0/90n]s
(n = 2,4,6) laminates when the delamination ratio q equals 0.1 are shown in Figs. 4–6. Kashtalyan and Soutis
(2005) also gave their predicted results based on shear-lag approach. Compared with experimental results, the
present model gives an accurate prediction. It indicates that our model is able to predict the degradation of
Ex due to local delaminations for carbon/epoxy cross-ply laminates. Results also show that the stiﬀness loss1
al properties of composites
al EL (GPa) ET (GPa) GL (GPa) GT (GPa) mmL mmT h0 (mm)
epoxy 44.73 12.76 5.8 4.49 0.297 0.42 0.144
/3631a 148 9.57 4.5 4.2b 0.356 0.49 0.132
terial property is selected from Mizutanil et al. (2003).
known value is selected from other composite materials.
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Fig. 4. Eﬀective stiﬀness Ex as a function of crack density for T800H/3631 [0/902]s laminates for delamination ratio q = 0.1.
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Fig. 5. Eﬀective stiﬀness Ex as a function of crack density for T800H/3631 [0/904]s laminates for delamination ratio q = 0.1.
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Fig. 6. Eﬀective stiﬀness Ex as a function of crack density for T800H/3631 [0/906]s laminates for delamination ratio q = 0.1.
7072 H. Zhang, L. Minnetyan / International Journal of Solids and Structures 43 (2006) 7061–7081in [0/906]s laminates is more than that in [0/902]s and [0/904]s laminates. The reason is that 90 layers take more
portion of the applied load than 0 layer because of a greater relative thickness of 90 layers in the uncracked
[0/906]s laminates, so that local delaminations lead to more loss in load-carrying capacity for the [0/906]s lam-
inates. Therefore, the thickness ratio h90/h0 plays an important role in the residual stiﬀness for damaged com-
posite laminates. Although the shear-lag model also gives good results, its accuracy depends on shear-lag
parameters that are calibrated.
The degradation of longitudinal Young’s modulus Ex due to local delaminations for [±u/904]s glass/epoxy
laminates when the crack density w = 0.75 is plotted in Fig. 7. It shows that the stiﬀness loss increases with
increasing ply orientation angle u under the same delamination ratio. Local delaminations cause more stiﬀness
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Fig. 7. The relation between delamination length and stiﬀness ratio for glass/epoxy [±u/904]s laminates.
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Fig. 8. The relation between delamination length and stiﬀness ratio for T800H/3631 [±u/904]s laminates.
H. Zhang, L. Minnetyan / International Journal of Solids and Structures 43 (2006) 7061–7081 7073degradation in glass/epoxy laminates when u > 15. It indicates that the ability of the structural damage resis-
tance for [±u/904]s glass/epoxy laminates becomes lower with increasing u.
The changes in longitudinal Young’s modulus Ex as a function of delamination length for T800H/3631
[±u/904]s laminates when the crack density w = 0.75 are shown in Fig. 8. It shows that the stiﬀness loss in
[±u/904]s laminates is more notable when uP 30. With increasing delamination length, the stiﬀness loss
due to transverse cracking and local delaminations in the [±40/904]s carbon/epoxy laminate is more than that
in other angle-ply laminates. It appears that the degree of the ply angle u has a signiﬁcant inﬂuence on the
residual stiﬀness of [±u/904]s carbon/epoxy laminates if uP 30.
Fig. 9 shows the relationship between the normalized energy release rate and delamination length for
[±u/904]s glass/epoxy laminates when the crack density w is 0.75. It indicates that the energy release rate
increases with increasing ply orientation angle u, which means local delaminations will propagate more
unstably in [±u/904]s glass/epoxy laminates with increasing values of u. On the other hand, Fig. 9 also
illustrates that changes in the energy release rate are small when u 6 15. It indicates the propagation of
local delaminations has a similar pattern in [±u/904]s glass/epoxy laminates if the angle u is suﬃciently
small.
Fig. 10 shows the relation of the delamination length and normalized energy release rate for [±u/904]s
carbon/epoxy laminates when the crack density w is 0.75. Similar to the case of [±u/904]s glass/epoxy
laminates, the energy release rate also increases when the angle u increases. When u = 40, the growth
of delamination will be much more unstable. In addition, comparing Figs. 9 and 10, it is obvious that
the energy release rate of [±u/904]s glass/epoxy laminate increases more than that of [±u/904]s carbon/
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Fig. 10. The relation between delamination length and normalized energy release rate for T800H/3631 [±u/904]s laminates.
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tion of local delaminations is more stable in angle-ply carbon/epoxy laminates than in glass/epoxy
laminates.
6. Summary and conclusions
In this paper, a displacement-based model is developed to predict the eﬀective longitudinal Young’s mod-
ulus Ex and energy release rate G in [hm/90n]s composite laminates with transverse matrix cracking and local
delaminations. The governing equations are derived based on the variational theory and principle of minimum
potential energy. In the model, the crack shape as well as Ex and G are functions of crack density and delam-
ination length. The eﬀect of local delaminations on Ex and G is examined by using glass/epoxy and carbon/
epoxy [±u/904]s composite laminates, where u = 0, 15, 30, 40. From the results, we conclude that:
1. With increasing local delaminations, the predicted changes in Ex and G well reﬂect damage eﬀects in glass/
epoxy and carbon/epoxy [hm/90n]s composite laminates. Thus, for diﬀerent [hm/90n]s composite materials,
this model can evaluate the damaged structural response at diﬀerent stages of degradation.
2. The local delaminations induced by transverse matrix cracks have signiﬁcant inﬂuence on Ex and G, espe-
cially for glass/epoxy [hm/90n]s laminates. Thus, accurate prediction of the initiation and growth of local
delaminations is an important research area for characterizing damage propagation in glass/epoxy compos-
ite laminates.
H. Zhang, L. Minnetyan / International Journal of Solids and Structures 43 (2006) 7061–7081 70753. The damage inﬂuence on Ex and G indicates that there is much more damage accumulation in composite
laminates with increasing ply orientation angle h. Thus, accurate assessment of progressive damage and
fracture characteristics in the form of transverse cracking and local delaminations is critical for practical
applications of [hm/90n]s composite laminates.
4. If constitutive equations include thermal and moisture eﬀects, this model can also be used to predict the Ex
and G in ‘‘hot-wet’’ conditions.
5. The developed model can be extended to study local delaminations induced by the random distribution of
transverse cracks in composite laminates. In addition, this model can be applied to calculate the individual
components of the energy release rate for local delaminations.
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þ l
5
l3u
 l
3
3lu
;
m38 ¼ 3l
11
11l9u
 32
3465
l2u 
10l9
9l7u
þ 12l
7
7l5u
 6l
5
5l3u
þ l
3
3lu
;
m39 ¼ 4l
11
11l11u
þ 16
3465
 13l
9
9l9u
þ 15l
7
7l7u
 7l
5
5l5u
þ l
3
3l3u
; m40 ¼ 25l
9
9l10u
 128
315lu
 60l
7
7l8u
þ 46l
5
5l6u
 4l
3
l4u
þ l
l2u
;
m41 ¼ 35l
11
11l12u
þ 128
385lu
 13 l
9
l10u
þ 142l
7
7l8u
 74l
5
5l6u
þ 5 l
3
l4u
 l
l2u
;
m42 ¼ l
13
13l12u
þ 256
9009
lu  5l
11
11l10u
þ 10l
9
9l8u
 10l
7
7l6u
þ l
5
l4u
 l
3
3l2u
;
m43 ¼ 5l
9
9l7u
 16
315
l2u 
11l7
7l5u
þ 7l
5
5l3u
 l
3
3lu
; m44 ¼ 2l
9
9l9u
þ 8
315
 5l
7
7l7u
þ 4l
5
5l5u
 l
3
3l3u
;
m45 ¼ 5l
11
11l10u
þ 64
3465
lu  16l
9
9l8u
þ 18l
7
7l6u
 8l
5
5l4u
þ l
3
3l2u
;
m46 ¼ 5l
13
13l11u
 256
45; 045
l2u 
21l11
11l9u
þ 34l
9
9l7u
 26l
7
7l5u
 9l
5
5l3u
 l
3
3lu
;
m47 ¼ 4l
13
13l13u
þ 128
45; 045
 17l
11
11l11u
þ 28l
9
9l9u
 22l
7
7l7u
þ 8l
5
5l5u
 l
3
3l3u
;
m48 ¼ 49l
13
13l14u
 1536
5005lu
 210l
11
11l12u
þ 39l
9
l10u
 284l
7
7l8u
þ 111l
5
5l6u
 6 l
3
l4u
þ l
l2u
;
m49 ¼ l
15
15l14u
 1024
45; 045
lu  6l
13
13l12u
þ 15l
11
11l10u
 20l
9
9l8u
þ 15l
7
7l6u
 6l
5
5l4u
þ l
3
3l2u
;
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11
11l9u
þ 32
693
l2u 
22l9
9l7u
þ 24l
7
7l5u
 2 l
5
l3u
þ l
3
3lu
; m51 ¼ 2l
11
11l11u
 16
693
 7l
9
9l9u
þ 9l
7
7l7u
 l
5
l5u
þ l
3
3l3u
;
m52 ¼ 7l
13
13l11u
 1024
45; 045
l2u 
29l11
11l9u
þ 46l
9
9l7u
 34l
7
7l5u
þ 11l
5
5l3u
 l
3
3lu
;
m53 ¼ 3l
13
13l11u
þ 512
45; 045
l2u 
13l11
11l9u
þ 22l
9
9l7u
 18l
7
7l5u
þ 7l
5
5l3u
 l
3
3lu
;
m54 ¼ 7l
15
15l14u
þ 512
45; 045
lu  36l
13
13l12u
þ 751l
11
11l10u
 80l
9
9l8u
þ 45l
7
7l6u
 12l
5
5l4u
þ l
3
3l2u
;
m55 ¼ 4l
15
15l15u
 256
45; 045
 21l
13
13l13u
þ 45l
11
11l11u
 50l
9
9l9u
þ 30l
7
7l7u
 9l
5
5l5u
þ l
3
3l3u
;
m56 ¼ 20t
4
1 þ 20t31t2 þ 20t21t22 þ 15t1t32 þ 4t42
20h4
; m57 ¼ l
9
9l7u
 8
315
l2u 
2l7
7l5u
þ l
5
5l3u
;
m58 ¼ 140t
4
1 þ 245t31t2 þ 168t21t22 þ 56t1t32 þ 8t42
105h4
t2; m59 ¼ 4l
7
7l8u
 11
105lu
 4l
5
5l6u
þ l
3
3l4u
;
m60 ¼ l
11
11l9u
þ 16
1155
l2u 
l9
3l7u
þ 3l
7
7l5u
 l
5
5l3u
; m61 ¼ 2l
9
3l10u
þ 4
105lu
 11l
7
7l8u
þ 6l
5
5l6u
 l
3
3l4u
;
l7
l2u
 l
5
5
;
m62 ¼ l
13
13l11u
 128
15015
l2u 
4l11
11l9u
þ 2l
9
3l7u
 4l
7
7l5u
þ l
5
5l3u
;
m63 ¼ 8l
11
11l12u
 8
495lu
 22l
9
9l10u
þ 3 l
7
l8u
 8l
5
5l6u
þ l
3
3l4u
;
m64 ¼ 9l
11
11l12u
 32
1155lu
 8l
9
3l10u
þ 22l
7
7l8u
 8l
5
5l6u
þ l
3
3l4u
;
m65 ¼ l
15
15l13u
þ 256
45; 045
l2u 
5l13
13l11u
þ 10l
11
11l9u
 10l
9
9l7u
þ 5l
7
7l5u
 l
5
5l3u
;
m66 ¼ 12l
13
13l14u
þ 160
9009lu
 43l
11
11l12u
þ 58l
9
9l10u
 36l
7
7l8u
þ 2 l
5
l6u
 l
3
3l4u
;
m67 ¼ l
17
17l15u
 1024
255; 255
l2u 
2l15
5l13u
þ 15l
13
13l11u
 20l
11
11l9u
þ 5l
9
3l7u
 6l
7
7l5u
þ l
5
5l3u
;
m68 ¼ 16l
15
15l16u
 128
9009lu
 72l
13
13l14u
þ 129l
11
11l12u
 116l
9
9l10u
þ 54l
7
7l8u
 12l
5
5l6u
þ l
3
3l4u
; m69 ¼ llu ;
m70 ¼ llu
l2
l2u
 1
 !
; m71 ¼ llu
l2
l2u
 1
 !2
; m72 ¼ llu
l2
l2u
 1
 !3
: ðA:2Þ
a1 ¼ m1 þ m2; a2 ¼ m2/ðt1Þ þ m3; a3 ¼ m4  m5; a4 ¼ m7 þ m2/2ðt1Þ;
a5 ¼ m8  m9 þ m5/ðt1Þ; a6 ¼ m10 þ m11; a7 ¼ m12 þ m13;
a8 ¼ m1lu
l
lu
 1
 
þ cð2Þxx
t2
lu
l
lu
 1
 
; a9 ¼ m3lu
l
lu
 1
 
þ cð2Þxx
t2
lu
l
lu
 1
 
/ðt1Þ;
a10 ¼ m4 llu  1
 
þ cð2Þxz 1
l
lu
 
þ a3; a11 ¼ cð2Þxz
l
lu
 1
 
þ m5;
a12 ¼ m3 l
3
l4u
 l
l2u
 !
; a13 ¼ m3m16; a14 ¼ m3m17; a15 ¼ m4 m18lu ; a16 ¼ m4
m19
lu
;
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ð2Þ
xx
l3
l4u
 l
l2u
 !
t2; a19 ¼ cð2Þxx t2m16; a20 ¼ cð2Þxx t2m17;
a21 ¼ cð2Þxz
t1
lu
hþ t1
2h2
m18; a22 ¼ cð2Þxz
t1
lu
hþ t1
2h2
m19; a23 ¼ cð2Þxz
t1
lu
hþ t1
2h2
m20;
a24 ¼ m7lu
l
lu
 1
 
þ m6
3
l3
l2u
 lu
 !
þ cð2Þxx
l
l2u
 1
lu
 !
t2/
2ðt1Þ;
a25 ¼ m9 llu  1
 
þ cð2Þxz 1
l
lu
 
/ðt1Þ þ m9  m5/ðt1Þ; a26 ¼ cð2Þxz
l
lu
 1
 
/ðt1Þ þ m5/ðt1Þ;
a27 ¼ m7 l
3
l4u
 l
l2u
 !
þ m6m18; a28 ¼ m7m16 þ m6m19; a29 ¼ m7m17 þ m6m20;
a30 ¼ m9 m18lu þ 2m8m25; a31 ¼ m9
m19
lu
þ 2m8m26; a32 ¼ m9 m20lu þ 2m8m27;
a33 ¼ cð2Þxx
l3
l4u
 l
l2u
 !
t2/ðt1Þ; a34 ¼ cð2Þxx t2/ðt1Þm16; a35 ¼ cð2Þxx t2/ðt1Þm17;
a36 ¼ cð2Þxz
hþ t1
2h2lu
t1/ðt1Þm18; a37 ¼ cð2Þxz
hþ t1
2h2lu
t1/ðt1Þm19; a38 ¼ cð2Þxz
hþ t1
2h2lu
t1/ðt1Þm20;
a39 ¼ a10  a3; a40 ¼ a25 þ a5; a41 ¼ m10ðl luÞ þ m11ðl luÞ; a42 ¼ ðlu  lÞm14;
a43 ¼ m9 l
3
l3u
 l
lu
 !
; a44 ¼ m9m16lu; a45 ¼ m9m17lu; a46 ¼ m10m18;
a47 ¼ m10m19; a48 ¼ m10m20; a49 ¼ cð2Þxz
l
lu
 l
3
l3u
 !
m21; a50 ¼ cð2Þxz m16lum21;
a51 ¼ cð2Þxz m17lum21; a52 ¼ cð2Þzz m18m22; a53 ¼ cð2Þzz m19m22;
a54 ¼ cð2Þzz m20m22; a55 ¼ cð2Þzz
20t1h
3 þ 5t22h2 þ 15t1t22hþ 4t42
5h2t2ðhþ t1Þ2
ðl luÞ þ m15;
a56 ¼ cð2Þxz
l3
l3u
 l
lu
 !
m23; a57 ¼ cð2Þxz m16lum23; a58 ¼ cð2Þxz m17lum23; a59 ¼ cð2Þzz m18m24;
a60 ¼ cð2Þzz m19m24; a61 ¼ cð2Þzz m20m24; a62 ¼ m7m29 þ m6m19; a63 ¼ m7m31 þ m6m20;
a64 ¼ m7m32 þ m6m33; a65 ¼ m9m26 þ 2m8m36; a66 ¼ m9 m37
l2u
þ 2m8 m37
l2u
;
a67 ¼ m9 m38
l2u
þ 2m8m39; a68 ¼ m7m40 þ m6m33; a69 ¼ m7m41 þ m6m42;
a70 ¼ m9 m43
l2u
þ 2m8m44; a71 ¼ m9 m45lu þ 2m8
m38
l2u
; a72 ¼ m9 m46
l2u
þ 2m8m47;
a73 ¼ m7m48 þ m6m49; a74 ¼ m9 m50
l2u
þ 2m8m51; a75 ¼ m9 m52
l2u
þ 2m8 m53
l2u
;
a76 ¼ m9 m54lu þ 2m8m55; a77 ¼ m10
m57
lu
þ 4m12m59; a78 ¼ m10m60lu þ 4m12m61;
a79 ¼ m10 m62lu þ 4m12m63; a80 ¼ m10
m62
lu
þ 4m12m64; a81 ¼ m10m65lu þ 4m12m66;
a82 ¼ m10 m67lu þ 4m12m68; a83 ¼ c
ð2Þ
xx m28m29 þ cð2Þ55 m19m30; a84 ¼ cð2Þxx m28m31 þ cð2Þ55 m20m30;
a85 ¼ cð2Þxx m28m32 þ cð2Þ55 m30m33; a86 ¼ cð2Þxz m26m34 þ 2cð2Þ55 m35m36;
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m37
l2u
þ 2cð2Þ55 m35
m37
l2u
; a88 ¼ cð2Þxz m34
m38
l2u
þ 2cð2Þ55 m35m39;
a89 ¼ cð2Þxx m28m40 þ cð2Þ55 m30m33; a90 ¼ cð2Þxx m28m41 þ cð2Þ55 m30m42;
a91 ¼ cð2Þxz m34
m43
l2u
þ 2cð2Þ55 m35m44; a92 ¼ cð2Þxz m34
m45
lu
þ 2cð2Þ55 m35
m38
l2u
;
a93 ¼ cð2Þxz m34
m46
l2u
þ 2cð2Þ55 m35m47; a94 ¼ cð2Þxx m28m48 þ cð2Þ55 m30m49;
a95 ¼ cð2Þxz m34
m50
l2u
þ 2cð2Þ55 m35m51; a96 ¼ cð2Þxz m34
m52
l2u
þ 2cð2Þ55 m35
m53
l2u
;
a97 ¼ cð2Þxz m34
m54
lu
þ 2cð2Þ55 m35m55; a98 ¼ cð2Þxz m56
m57
lut2
þ cð2Þ55 m58m59;
a99 ¼ cð2Þxz m56
m60
lut2
þ cð2Þ55 m58m61; a100 ¼ cð2Þxz m56
m62
lut2
þ cð2Þ55 m58
m63
4
;
a101 ¼ cð2Þxz m56
m62
lut2
þ cð2Þ55 m58m64; a102 ¼ cð2Þxz m56
m65
lut2
þ cð2Þ55 m58m66;
a103 ¼ cð2Þxz m56
m67
lut2
þ cð2Þ55 m58m68; a104 ¼ a2  a1/ðt1Þ;
a105 ¼ a9  a8/ðt1Þ; a106 ¼ a4  a2/ðt1Þ; a107 ¼ a24  a9/ðt1Þ;
a108 ¼ a25  a10/ðt1Þ; a109 ¼ a26  a11/ðt1Þ; a110 ¼ a27  a12/ðt1Þ;
a111 ¼ a28  a13/ðt1Þ; a112 ¼ a29  a14/ðt1Þ; a113 ¼ a30  a15/ðt1Þ;
a114 ¼ a31  a16/ðt1Þ; a115 ¼ a32  a17/ðt1Þ; a116 ¼ a33  a18/ðt1Þ;
a117 ¼ a34  a19/ðt1Þ; a118 ¼ a35  a20/ðt1Þ; a119 ¼ a36  a21/ðt1Þ;
a120 ¼ a37  a22/ðt1Þ; a121 ¼ a38  a23/ðt1Þ: ðA:3Þ
b0 ¼ cð1Þ55
Z lu
0
f 22 ðxÞdxþ
cð1Þ55
3
l3
l2u
 lu
 !
f 22 ðluÞ þ 2cð1Þ55 m18f2ðluÞw3 þ 2cð1Þ55 m19f2ðluÞw4
þ 2cð1Þ55 m20f2ðluÞw5 þ cð1Þ55 m19w23 þ 2cð1Þ55 m20w3w4 þ 2cð1Þ55 m33w3w5 þ cð1Þ55 m33w24
þ 2cð1Þ55 m42w4w5 þ cð1Þ55 m49w25;
b1 ¼ cð1Þxx
Z lu
0
f 02ðxÞ
 2
dxþ cð1Þxx
l
l2u
 1
lu
 !
f 22 ðluÞ þ 2cð1Þxx
l3
l4u
 l
l2u
 !
f2ðluÞw3 þ 2cð1Þxx m16f2ðluÞw4
þ 2cð1Þxx m17f2ðluÞw5 þ cð1Þxx m29w23 þ 2cð1Þxx m31w3w4 þ 2cð1Þxx m32w3w5 þ cð1Þxx m40w24
þ 2cð1Þxx m41w4w5 þ cð1Þxx m48w25;
b2 ¼ cð1Þxz
3
t31
Z lu
0
f 02ðxÞf3ðxÞdxþ cð1Þxz
3
t31
l
lu
 1
 
f2ðluÞf3ðluÞ þ cð1Þxz
3
t31
m18
lu
f2ðluÞw6
þ cð1Þxz
3
t31
m19
lu
f2ðluÞw7 þ cð1Þxz
3
t31
m20
lu
f2ðluÞw8 þ cð1Þxz
3
t31
l3
l3u
 l
lu
 !
f3ðluÞw3
þ cð1Þxz
3
t31
lum16f3ðluÞw4 þ cð1Þxz
3
t31
lum17f3ðluÞw5 þ cð1Þxz
3
t31
m26w3w6 þ cð1Þxz
3
t31
m37
l2u
w3w7
þ cð1Þxz
3
t31
m38
l2u
w3w8 þ cð1Þxz
3
t31
m43
l2u
w4w6 þ cð1Þxz
3
t31
m45
lu
w4w7 þ cð1Þxz
3
t31
m46
l2u
w4w8
þ cð1Þxz
3
t31
m50
l2u
w5w6 þ cð1Þxz
3
t31
m52
l2u
w5w7 þ cð1Þxz
3
t31
m54
lu
w5w8
 cð1Þ55
3
t31
Z lu
0
f2ðxÞf 03ðxÞdx cð1Þ55
6
t31
m25f2ðluÞw6  cð1Þ55
6
t31
m26f2ðluÞw7  cð1Þ55
6
t31
m27f2ðluÞw8
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6
t31
m36w3w6  cð1Þ55
6
t31
m37
l2u
w3w7  cð1Þ55
6
t31
m39w3w8  cð1Þ55
6
t31
m44w4w6  cð1Þ55
6
t31
m38
l2u
w4w7
 cð1Þ55
6
t31
m47w4w8  cð1Þ55
6
t31
m51w5w6  cð1Þ55
6
t31
m53
l2u
w5w7  cð1Þ55
6
t31
m55w5w8;
b3 ¼ cð1Þxx
Z lu
0
f 01ðxÞf 02ðxÞdxþ cð1Þxx
l
l2u
 1
lu
 !
f1ðluÞf2ðluÞ þ cð1Þxx
l3
l4u
 l
l2u
 !
f1ðluÞw3
þ cð1Þxx m16f1ðluÞw4 þ cð1Þxx m17f1ðluÞw5: ðA:4Þ
k0 ¼ a7ða1a4  a22Þ; k1 ¼ a1a25  a1m6a7  a1a4a6 þ 2a2a3a5 þ a22a6 þ a23a4;
k2 ¼ m6ða1a6  a23Þ; k3 ¼ a1a5 þ a2a3; k4 ¼ a1m6; k5 ¼ a22  a1a4;
k6 ¼ 1a3
k4 þ k5ða2  b2Þ
k3
a6ða2  b2Þ
ða2 þ b2Þ2  a7
" #
þ 4k5a
2b2a6
k3ða2 þ b2Þ2
þ a5
( )
;
k7 ¼ 1a3
2k5ab
k3
a6ða2  b2Þ
ða2 þ b2Þ2  a7
" #
 2aba6ða2 þ b2Þ2
k4 þ k5ða2  b2Þ
k3
( )
;
k8 ¼ k4 þ k5ða
2  b2Þ þ 2k5b2
k3ða2 þ b2Þ
a; k9 ¼ 2k5a
2  k4  k5ða2  b2Þ
k3ða2 þ b2Þ
b; k10 ¼ sinhðaluÞ;
k11 ¼ sinhðbluÞ; k12 ¼ coshðaluÞ; k13 ¼ coshðbluÞ; k14 ¼ cosðbluÞ; k15 ¼ sinðbluÞ;
k16 ¼ cosðaluÞ; k17 ¼ sinðaluÞ; k18 ¼ sinhðaluÞ sinðbluÞ; k19 ¼ coshðaluÞ cosðbluÞ;
k20 ¼ sinhðaluÞ cosðbluÞ; k21 ¼ coshðaluÞ sinðbluÞ: ðA:5ÞReferences
Akshantala, N.V., Talreja, R., 1998. A mechanic model for fatigue evolution in composite laminates. Mechanics of Materials 29, 123–140.
Berthelot, J.M., Le Corre, J.F., 2000. A model for transverse cracking and delamination in cross-ply laminates. Composites Science and
Technology 60, 1055–1066.
Caslini, M., Zanotti, C., O’Brien, T.K., 1987. Study of matrix cracking and delamination in glass/epoxy laminates. Journal of Composites
Technology & Research 9 (4), 121–130.
Hashin, Z., 1985. Analysis of cracked laminates: a variational approach. Mechanics of Materials 4, 121–136.
Joﬀe, R., Varna, J., 1999. Analytical modeling of stiﬀness reduction in symmetric and balanced laminates due to cracksin the 90 layers.
Composites Science and Technology 59, 1641–1652.
Kashtalyan, M., Soutis, C., 2000. Modelling stiﬀness degradation due to matrix cracking in angle-ply composite laminates. Plastics
Rubber and Composites 29 (9), 482–488.
Kashtalyan, M., Soutis, C., 2002. Analysis of local delamination in composite laminates with angle-ply matrix cracks. International
Journal of Solids and Structures 39, 1515–1537.
Kashtalyan, M., Soutis, C., 2005. Analysis of composite laminates with intra- and interlaminar damage. Progress in Aerospace Sciences
41, 152–173.
Mizutanil, T., Okabe, Y., Takeda, N., 2003. Quantitative evaluation of transverse cracks in carbon ﬁber reinforced plastic quasi-isotropic
laminates with embedded small-diameter ﬁber Bragg grating sensors. Smart Materials and structures 12, 898–903.
Nairn, J.A., Hu, S., 1992. The initiation and growth of delaminations induced by matrix microcracks in laminated composites.
International Journal of Fracture 57, 1–24.
O’Brien, T.K., 1985. In: Analysis of Local Delamination and their Inﬂuence on Composite Laminate Behavior. In: Johnson, W.S. (Ed.),
Delamination and Debonding of Materials, ASTM STP 876. American Society for Testing and Materials, pp. 282–297.
Ogihara, S., Takeda, N., 1995. Interaction between transverse cracks and delamination during damage progress in CFRP cross-ply
laminates. Composite Science and Technology 54, 395–404.
Rebiere, J.L., Gamby, D., 2004. A criterion for modelling initiation and propagation of matrix cracking and delamination in cross-ply
laminates. Composite Science and Technology 64, 2239–2250.
Selvarathinam, A.S., Weitsman, Y.J., 1998. Transverse cracking and delamination in cross-ply Gr/Ep composites under dry, saturated and
immersed fatigue. International Journal of Fractures 91, 103–116.
Selvarathinam, A.S., Weitsman, Y.J., 1999. A shear-lag analysis of transverse cracking and delamination in cross-ply carbon-ﬁber/epoxy
composites under dry, saturated and immersed fatigue conditions. Composite Science and Technology 59, 2115–2123.
H. Zhang, L. Minnetyan / International Journal of Solids and Structures 43 (2006) 7061–7081 7081Thornburgh, R., Chattopadhyay, A., 2001. Uniﬁed approach to modeling matrixcracking and delamination in laminated composite
structures. AIAA Journal 39, 153–160.
Zhang, J., Soutis, C., Fan, J., 1994. Strain energy release rate associated with local delamination in cracked composite laminates.
Composites 25, 851–862.
Zhang, J., Fan, J., Herrmann, K.P., 1999. Delamination induced by constrained transverse cracking in symmetric composite laminates.
International Journal of Solids and Structures 36, 813–846.
